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EXPLORING VACUUM ENERGY IN A TWO-FLUID BIANCHI
TYPE I UNIVERSE
IKJYOT SINGH KOHLI AND MICHAEL C. HASLAM
Abstract. We use a dynamical systems approach based on the method of
orthonormal frames to study the dynamics of a two-fluid, non-tilted Bianchi
Type I cosmological model. Such a universe is anisotropic, spatially homo-
geneous, and spatially flat. In our model, one of the fluids is a fluid with
bulk viscosity, while the other fluid assumes the role of a cosmological con-
stant and represents nonnegative vacuum energy. We begin by completing a
detailed fixed-point analysis of the system which gives information about the
local sinks, sources and saddles. We then proceed to analyze the global fea-
tures of the dynamical system by using topological methods such as finding
Lyapunov and Chetaev functions, and finding the α- and ω-limit sets using the
LaSalle invariance principle. The fixed points found were a flat Friedmann-
LeMaˆıtre-Robertson-Walker (FLRW) universe with no vacuum energy, a de
Sitter universe, a flat FLRW universe with both vacuum and non-vacuum en-
ergy, and a Kasner quarter-circle universe. We also show in this paper that the
vacuum energy we observe in our present-day universe could actually be a re-
sult of the bulk viscosity of the ordinary matter in the universe, and proceed to
calculate feasible values of the bulk viscous coefficient based on observations
reported in the Planck data. We conclude the paper with some numerical
experiments that shed further light on the global dynamics of the system.
1. Introduction
In this paper, we use a dynamical systems approach to investigate in detail the
dynamics of a Bianchi Type I universe with a bulk viscous fluid and cosmological
constant. Such a universe is spatially flat, spatially homogeneous, and anisotropic.
Such a model may have considerable importance in present studies of cosmology
given the recent results of the Planck measurements [2], which suggest that the cur-
vature of the spatial sections of the present-day universe is in agreement with spatial
flatness. Moreover, Bianchi models are more general than the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) models and therefore can provide better descriptions of
the early universe where viscous effects may have been dominant [30]. One can
then study the effects of viscosity on the dynamical evolution of the universe which
we observe to be of FLRW-type today. As discussed by Coley and Wainwright
[18], cosmological models with single fluids are necessarily a simplification in the
sense that they can only describe one epoch during the evolution of the universe.
More general models can be constructed using two fluids with barotropic equations
of state that are also comoving. One can then use these models to describe the
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transitions between different epochs in the universe’s evolution, such as going from
a radiation-dominated phase (w = −1/3) to a matter-dominated phase (w = 0).
As discussed by Grøn and Hervik (Chapter 13, [30]), viscous models have become
of general interest in early-universe cosmologies largely in two contexts. Firstly, in
models where bulk viscous terms dominate over shear terms, the universe expands
to a de Sitter-like state, which is a spatially flat universe neglecting ordinary mat-
ter, and including only a cosmological constant. Such models isotropize indirectly
through the massive expansion. Secondly, in the absence of any significant heat
flux, shear viscosity is found to play an important role in models of the universe
at its early stages. In particular, neutrino viscosity is considered to be one of the
most important factors in the isotropization of our universe. By also including a
nonnegative cosmological constant in our model, and interpreting it to represent
vacuum energy, we are also able to give a detailed description of the roles played
by both viscosity and vacuum energy in the isotropization of our universe.
Bianchi cosmological models which contain a viscous fluid matter source in ad-
dition to a cosmological constant have been studied in detail several times. Lorenz-
Petzold [37] examined Bianchi Type I and V models in the the presence of perfect
fluid matter with bulk viscosity and a nonzero cosmological constant. Pradhan
and Pandey [43] studied Bianchi Type I magnetized cosmological models in the
presence of a bulk viscous fluid in addition to a monotonically decreasing cosmo-
logical constant. Saha [50] studied the evolution of a Bianchi Type I universe with
a viscous fluid and a cosmological constant. Pradhan, Srivastav, and Yadav [47]
studied Bianchi Type IX viscous models with a time-dependent positive cosmolog-
ical constant. Belincho´n [10] investigated the dynamics of a locally rotationally
symmetric (LRS) Bianchi Type I universe with a bulk viscous fluid and a time-
dependent cosmological constant. Pradhan, Jotania, and Rai [44] studied Bianchi
Type V cosmological models with bulk viscous fluid and a time-dependent cos-
mological constant. They also discussed some physical and geometrical aspects of
such models. Pradhan and Pandey [46] studied Bianchi Type I cosmological mod-
els with both shear and bulk viscosity and a monotonically decreasing cosmological
constant. The authors considered the special case in which the expansion tensor
only had two components. Saha and Rikhvitsky [51] analyzed a Bianchi Type I
universe with a cosmological constant and dissipative processes due to viscosity.
They showed that a positive cosmological constant leads to an ever-expanding uni-
verse. Singh and Kale [52] studied Bianchi Type I, Kantowski-Sachs, and Bianchi
Type III cosmological models containing as matter sources a bulk viscous fluid and
non-constant gravitational and cosmological constants. Pradhan and Kumhar [45]
studied LRS Bianchi Type II models with bulk viscous fluid and a decaying cos-
mological constant. Mostafapoor and Grøn [41] studied a Bianchi Type I universe
with a cosmological constant and nonlinear viscous fluid. Sadeghi, Amani, and
Tahmasbi [49] investigated a Bianchi Type-VI cosmological model with a cosmo-
logical constant and viscous fluid. Barrow [9] showed that models of an inflationary
universe driven by Witten strings in the very early universe are equivalent to the
addition of bulk viscosity to perfect fluid cosmological models with zero curvature.
In this work, Barrow considered the case where the bulk viscosity has a power-law
dependence upon the matter density. It was shown that if the exponent is greater
than 1/2, there exist deflationary solutions which begin in a de Sitter state and
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evolve away from it asymptotically in the future. On the other hand, if this expo-
nent is less than 1/2, then solutions expand from an initial singularity towards a
de Sitter state. Barrow [7] also estimated the entropy production associated with
anisotropy damping in the early universe by considering a Bianchi type I metric
with an equilibrium radiation gas and anisotropic stresses produced by shear vis-
cosity. It was shown that the shear viscosity based on kinetic theory has the general
form of being proportional to the matter density and that the entropy production
due to collisional transport is negligible in such a model.
All of the aforementioned papers use the metric approach (Page 39, [56]) to
obtain the dynamical evolution of the Bianchi model under consideration. The al-
ternative approach which is based on the method of orthonormal frames pioneered
by Ellis and MacCallum [25] in conjunction with dynamical systems theory is the
path we take in this paper. Belinkskii and Khalatnikov [11] used phase-plane tech-
niques to study a Bianchi Type I model under the influence of both shear and bulk
viscosity. Goliath and Ellis [29] used dynamical systems methods to study FLRW,
Bianchi Type I, Bianchi Type II, and Kantoswki-Sachs models with a positive cos-
mological constant. Coley and van den Hoogen [17] analyzed in detail a Bianchi
Type V model with viscosity, heat conduction, and a cosmological constant. They
showed that all models that satisfy the weak energy condition isotropize. Coley,
van den Hoogen, and Maartens [19] examined the full Israel-Stewart theory of bulk
viscosity applied to dissipative FLRWmodels. Coley and Dunn [16] used dynamical
systems methods to study the evolution of a Bianchi Type V model with both shear
and bulk viscosity. Burd and Coley [14] examined using dynamical systems meth-
ods the effects of both bulk and shear viscosities upon the FLRW, Bianchi Type
I, Bianchi Type V, and Kantowski-Sachs models. They found that these models
were structurally stable under the introduction of bulk viscosity. Kohli and Haslam
[35] used dynamical systems methods to study the future asymptotic behavior of a
Bianchi Type IV model containing both bulk and shear viscosity. Kohli and Haslam
[34] used dynamical systems methods to study a Bianchi Type I model containing
bulk and shear viscosity in addition to a homogeneous magnetic field.
With respect to dynamical systems methods in multi-fluid models, Stabell and
Refsdal [54] considered the dynamics of a two-fluid FLRW system consisting of dust
and a cosmological constant. Phase plane methods were used by Madsen, Mimoso,
Butcher, and Ellis [38] to study the evolution of FLRW models in the presence of an
arbitrary mixture of perfect fluids. Coley and Wainwright [18] examined orthogonal
Bianchi and FLRWmodels in the presence of a two-fluid system. Ehlers and Rindler
[23] studied in great detail three-fluid models, containing radiation, dust, and a
cosmological constant. Recently, Barrow and Yamamoto[6] considered a two-fluid
system with one of the fluids representing a cosmological constant in their study
of the instabilities of Bianchi Type IX Einstein static universes. For more details
on the history of multi-fluid models, the interested reader should see Pages 53-55,
60-62, 171-172 and references therein of [56].
Despite all of the important aforementioned contributions, we feel it will be of
considerable value to consider the dynamics of a Bianchi Type I universe with a
viscous fluid and cosmological constant with respect to dynamical systems theory
following the methods outlined in [56] and [6]. To the best of the authors’ knowledge
at the time of writing this paper, such an investigation has not been carried out in
the literature.
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Throughout this paper, we assume a metric signature of (−,+,+,+) and use
geometrized units, where 8πG = c = 1.
2. The Evolution Equations
We begin by describing the physical constituents of our two-fluid model. It can
be shown [35] that in the absence of heat conduction, the energy-momentum tensor
of a fluid with both bulk and shear viscosity is given by
(2.1) Vab = (µm + pm)uaub + gabpm − 3ξHhab − 2ησab,
where µm, pm, σab, and ua represent the matter density, pressure, shear tensor, and
fluid four-velocity respectively. Further, the quantities ξ and η denote the bulk
and shear viscosity coefficients of the fluid matter source, H denotes the Hubble
parameter, and hab ≡ uaub + gab is the standard projection tensor corresponding
to our assumed metric signature.
The second fluid in our model represents a cosmological constant, which can be
modelled as a perfect fluid with barotropic equation of state pΛ = −µΛ. That is,
the equation of state parameter is w = −1. The energy-momentum tensor for such
a cosmological constant takes the simple form
(2.2) Λab = −gabµΛ,
where µΛ in this case represents the vacuum energy density corresponding to the
cosmological constant.
Assuming the matter in our model described by Eq. (2.1) assumes a barotropic
equation of state pm = wµm, where in general, −1 ≤ w ≤ 1, using the definitions
(2.3) µm = Vabuaub, pm = 1
3
habVab, πab = hcahdbVcd − phab,
we find that
(2.4) pm = wµm − 3ξH, πab = −2ησab,
where πab represents the total anisotropic stress of the fluid.
To write down the Einstein field equations as a dynamical system, it is necessary
that we express the above variables in their expansion-normalized form [56], thus
introduce the definitions
(2.5) Ωm =
µm
3H2
, ΩΛ =
µΛ
3H2
, Pm =
pm
3H2
, PΛ =
pΛ
3H2
, Πab =
πab
H2
.
Following [19], [11], and [9], we define the expansion-normalized form of the bulk
and shear viscosity coefficients as
(2.6)
ξ
3H
= ξ0Ω
a
m,
η
3H
= η0Ω
b
m,
where ξ0 and η0 denote the bulk and shear viscosity parameters and are taken
to be nonnegative. In addition, the exponents a and b are also assumed to be
nonnegative. We will discuss the problem of choosing values for these exponents in
the next section when deriving equilibrium points of the dynamical system.
In deriving the evolution equations, we essentially follow [56] and note that we
consider Bianchi models relative to a group-invariant orthonormal frame {n, ek},
(k = 1, 2, 3) where n is the the unit normal to the group orbits. Since n is tangent
to a hypersurface-orthogonal congruence of geodesics, these equations are obtained
EXPLORING VACUUM ENERGY IN A TWO-FLUID BIANCHI TYPE I UNIVERSE 5
by assuming that all variables are only functions of time, the motion of the matter
is along geodesics, and there is no vorticity. The basic dynamical variables are then
(2.7) (H,σab, nab, aa) ,
where nab and aa classify and represent the spatial curvature of the specific Bianchi
model under question.
If we now apply the definitions in Eq. (2.6) to the basic variables in Eq. (2.7),
we obtain the expansion-normalized evolution equations as given in [32] and [24]
as:
Σ′ij = −(2− q)Σij + 2ǫkm(i Σj)kRm − Sij +Πij
N ′ij = qNij + 2Σ
k
(iNj)k + 2ǫ
km
(i Nj)kRm
A′i = qAi − ΣjiAj + ǫkmi AkRm
Ω′ = (2q − 1)Ω− 3P − 1
3
ΣjiΠ
i
j +
2
3
AiQ
i
Q′i = 2(q − 1)Qi − ΣjiQj − ǫkmi RkQm + 3AjΠij + ǫkmi N jkΠjm.(2.8)
These equations are subject to the constraints
N ji Aj = 0
Ω = 1− Σ2 −K
Qi = 3Σ
k
iAk − ǫkmi ΣjkNjm.(2.9)
In the expansion-normalized approach, Σab denotes the kinematic shear tensor,
and describes the anisotropy in the Hubble flow, Ai and N
ij describe the spatial
curvature, while Ωi and Ri describe the relative orientation of the shear and spatial
curvature eigenframes and energy flux respectively. Further the prime denotes
differentiation with respect to a dimensionless time variable τ such that
(2.10)
dt
dτ
=
1
H
.
Considering a Bianchi Type I model, by definition, we have that
(2.11) Nij = diag (0, 0, 0) , Ai = Ri = Qi = 0.
In this paper, we only consider the case where the fluid matter source has nonzero
bulk viscosity, and therefore set η0 = 0. The importance of this assumption has
been discussed in for example, [9]. Therefore, upon considering Eqs. (2.4), (2.5),
(2.6), (2.8), and (2.9), we obtain the evolution equations for our system as
Σ′+ = Σ+ (q − 2) ,(2.12)
Σ′− = Σ− (q − 2) ,(2.13)
Ω′m = Ωm (2q − 1− 3w) + 9ξ0Ωam,(2.14)
Ω′Λ = 2 (q + 1)ΩΛ,(2.15)
where q is the deceleration parameter which can be obtained by setting the Ray-
chaudhuri equation (Eq (1.90) in [56]) to the general evolution equation for H (Eq.
(5.8) in [56]) and then solving for q. Proceeding in this manner gives
(2.16) q = 2
(
Σ2+ +Σ
2
−
)
+
1
2
[Ωm (1 + 3w)]− 9
2
ξ0Ω
a
m − ΩΛ.
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The equations (2.12)-(2.15) are subject to the constraint
(2.17) Ωm +ΩΛ +Σ
2
+ +Σ
2
− = 1,
which is just the generalized Friedmann equation (Eq. (1.92) in [56]) in expansion-
normalized form. Also, note that in equations (2.12)-(2.15) we have made use of
the notation
(2.18) Σ+ =
1
2
(Σ22 +Σ33) , Σ− =
1
2
√
3
(Σ22 − Σ33) ,
such that Σ2 ≡ Σ2++Σ2−. We note that although it is possible to reduce the dynam-
ical system dimension through the use of the constraint Eq. (2.17), in general, as
stated in [29], for Bianchi models, the resulting reduced system will be a projection
of the full state space, and the complete information expressed by the dynamical
system may be lost. We therefore follow the strategy in [6] and do not reduce the
state space in our analysis of the dynamical system.
3. Stability Analysis of the Dynamical System
With the evolution and constraint equations in hand, we will now perform a
detailed analysis of the equilibrium points of the dynamical system. The system of
equations (2.12)-(2.15) is a nonlinear, autonomous system of ordinary differential
equations, and can be written as
(3.1) x′ = f(x),
where x = [Σ+,Σ−,Ωm,ΩΛ] ∈ R4, and the vector field f(x) denotes the right-hand-
side of the dynamical system. The dynamical system also exhibits some symmetries,
specifically ones that leave the system invariant with respect to spatial inversions
of the dynamical variables. These are given by
φ1 : [Σ+,Σ−,Ωm,ΩΛ]→ [−Σ+,Σ−,Ωm,ΩΛ] ,(3.2)
φ2 : [Σ+,Σ−,Ωm,ΩΛ]→ [Σ+,−Σ−,Ωm,ΩΛ] .(3.3)
These symmetries imply that we can take
(3.4) Σ± ≥ 0.
In addition, based on the physical constraints of having nonnegative energy density,
we make the assumption that
(3.5) Ωm ≥ 0, ΩΛ ≥ 0.
Tavakol (Chapter 4, [56]) discusses a simple way to obtain the invariant sets of a
dynamical system. Let us consider a dynamical system x˙ = v(x), x ∈ R4. Let
Z : R4 → R be a C1 function such that Z ′ = αZ, where α : R4 is a continuous
function. Then the subsets of R4 defined by Z > 0, Z = 0, and Z < 0 are invariant
sets of the flow of the dynamical system. Applying this proposition to our dynamical
system in combination with the symmetries found above, we see that Σ± ≥ 0 and
ΩΛ ≥ 0 constitute invariant sets of the dynamical system.
Following [1], we first note that the vector field f(x) is clearly at least C1 on
M = R4. We call a point m0 an equilibrium point of f(x) if f(m0) = 0. Let (U, φ)
be a chart on M with φ(m0) = x0 ∈ R4, and let x = (Σ+,Σ−,Ωm,ΩΛ) denote
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coordinates in R4. Then, the linearization of f(x) at m0 in these coordinates is
given by
(3.6)
(
∂f(x)
i
∂xj
)
x=x0
It is a remarkable fact of dynamical systems theory that if the point m0 is hyper-
bolic, then there exists a neighborhood N of m0 on which the flow of the system
Ft is topologically equivalent to the flow of the linearization Eq. (3.6). This is the
theorem of Hartman and Grobman [56]. That is, in N , the orbits of the dynamical
system can be deformed continuously into the orbits of Eq. (3.6), and the orbits are
therefore topologically equivalent. We use the following convention when discussing
the stability properties of the dynamical system. If all eigenvalues λi of Eq. (3.6)
satisfy Re(λi) < 0(Re(λi) > 0), m0 is local sink (source) of the system. If the point
m0 is neither a local source or sink, we will call it a saddle point.
Solving for the equilibrium points, we first obtain three types of flat FLRW-type
solutions:
F1 : Σ+ = 0, Σ− = 0, Ωm = 1, ΩΛ = 0,(3.7)
D : Σ+ = 0, Σ− = 0, Ωm = 0, ΩΛ = 1,(3.8)
F2 : Σ+ = 0, Σ− = 0, Ωm =
(
1 + w
3ξ0
) 1
a−1
, ΩΛ = 1− Ωm,(3.9)
where D is the de Sitter solution. For F2, based on the physical constraints of
having nonnegative bulk viscosity and energy densities, we must have additionally
that
(3.10) − 1 < w ≤ 1, 0 < ξ0 ≤ 1 + w
3
.
It is also interesting to see that for F2,
(3.11) lim
a→±∞
Ωm = 1⇒ ΩΛ = 0.
Therefore, it can be said that the point F1 exists in the extreme limit with respect
to the exponent a of the point F2.
In the special case where we additionally have that ξ0 = 0, we obtain a Kasner
circle equilibrium point:
K : Σ2+ +Σ2− = 1, Ωm = 0, ΩΛ = 0.(3.12)
We should note that this is a special type of Kasner circle, in that, it is actually a
Kasner quarter-circle. This is evident due to the restrictions described in Eq. (3.4).
Analyzing the stability of F1, we note that the eigenvalues of Eq. (3.6) at this
point are found to be
(3.13) λ1 = λ2 =
3
2
(−1 + w − 3ξ0), λ3 = 1 + 3w − 9ξ0, λ4 = 3(1 + w − 3ξ0).
Therefore, the point F1 is a local sink if
(3.14) (−1 ≤ w ≤ 1) ∧
(
ξ0 >
1 + w
3
)
,
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and is a saddle point if
(3.15)(
−1 < w < −1
3
∧ 0 ≤ ξ0 < 1 + w
3
)
∨
(
−1
3
≤ w ≤ 1 ∧ 1
9
(1 + 3w) < ξ0 <
1 + w
3
)
or
(3.16)
(
−1
3
< w < 1 ∧ 0 ≤ ξ0 < 1
9
(1 + 3w)
)
∨
(
w = 1 ∧ 0 < ξ0 < 4
9
)
.
As can be shown the point F1 is never a source of the system.
Analyzing the stability of F2, we note that the eigenvalues of Eq. (3.6) at this
point are found to be
λ1 = −2 + 3(1 + w)z
1
−1+a − 9
(
z
1
−1+a
)a
ξ0,
λ2 =
3
2
[
−2 + (1 + w)z 1−1+a − 3
(
z
1
−1+a
)a
ξ0
]
,
λ3 = λ2,
λ4 = z
1
1−a
[
−3(1 + w)z 1−1+a + 6(1 + w)z 2−1+a − 9
(
z
1
−1+a
)a (
z
1
−1+a + a
(
−1 + z 1−1+a
))
ξ0
]
,
(3.17)
where we have defined
(3.18) z ≡ 1 + w
3ξ0
.
Clearly, finding equilibrium points of the system by solving f(m0) = 0 is a difficult
task for general a in Eqs. (2.12)-(2.15). We must therefore choose values for a
beforehand, and then perform the fixed-point analysis. Our choices for these values
are not completely arbitrary. Belinksii and Khalatnikov [11] and Barrow [9] have
both presented arguments for physically relevant choices for these exponents. In
particular, following [11] and [9], we note that it is reasonable to consider a ≤ 1/2
for the early universe, where we expect viscous effects to play a significant role in
its dynamical evolution.
3.1. The case: a = 0. Setting a = 0 in Eq. (3.9), we obtain:
F3 : Σ+ = 0, Σ− = 0, Ωm = 3ξ0
1 + w
, ΩΛ =
1 + w − 3ξ0
1 + w
.(3.19)
Analyzing the stability of F3, the eigenvalues in Eqs. (3.17) - (3.17) are found
to be
(3.20) λ1 = −2, λ2 = −3 (1 + w − 3ξ0) , λ3 = λ4 = −3.
Therefore, F3 is a local sink if
(3.21) (−1 < w ≤ 1) ∧
(
0 ≤ ξ0 < 1 + w
3
)
,
and is a saddle point if
(3.22) (−1 < w ≤ 1) ∧
(
0 ≤ ξ0 > 1 + w
3
)
.
Clearly, the region corresponding to F3 being a saddle point is unphysical since it
violates Eq. (3.10). Therefore, F3 can never be a saddle point. Additionally, F3
can never be a source of the system.
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3.2. The case: a = 1/2. Setting a = 1/2 in Eq. (3.9), we obtain:
F4 : Σ+ = 0, Σ− = 0, Ωm = 9ξ
2
0
(1 + w)
2 , ΩΛ =
1 + 2w + w2 − 9ξ20
(1 + w)2
.(3.23)
The eigenvalues in Eqs. (3.17) - (3.17) are found to be
(3.24) λ1 = λ2 = −3, λ3 = −2, λ4 = −
3
(
1 + 2w + w2 − 9ξ20
)
2(1 + w)
.
It is easy to show that this point is always a local sink if
(3.25) − 1 < w ≤ 1, 0 ≤ ξ0 < 1 + w
3
.
It is in fact true that even if ξ0 = (1 + w)/3 such that λ4 = 0, F4 will still be a
local sink, since it will be a normally hyperbolic point (Chapter 4, [56]).
We note that Eq. (3.6) is not defined at D or K, so linearization techniques
will not help us in determining the stability of these points. However, in the next
section, we describe some other techniques that will help us determine the global
stability of these points.
4. Global Results
Complementing the preceding fix-point analysis, we wish to obtain some infor-
mation about the asymptotic behavior of the dynamical system as τ → ±∞. To
accomplish this, we make use of the LaSalle Invariance Principle, and the methods
of finding Lyapunov and Chetaev functions. According to Theorem 4.11 in [56],
the LaSalle Invariance Principle for ω-limit sets is stated as follows. Consider a
dynamical system x′ = f(x) on Rn, with flow φt. Let S be a closed, bounded
and positively invariant set of φt and let Z be a C
1 monotone function. Then ∀
x0 ∈ S, we have that ω(x0) ⊆ {x ∈ S|Z ′ = 0}, where Z ′ = ∇Z · f . The extended
LaSalle Invariance Principle for α-limit sets can be found in Proposition B.3. in
[33]. To use this principle, one simply considers S to be a closed, bounded, and
negatively invariant set. Then ∀ x0 ∈ S, we have that α(x0) ⊆ {x ∈ S|Z ′ = 0},
where Z ′ = ∇Z · f .
Following Pages 24 and 25 of [4], we note that a differentiable function Z is called
a Lyapunov function for a singular point x0 of a vector field (f(x) if Z is defined
on a neighborhood of x0 and has a local minimum at this point, and the derivative
of Z along f(x) is nonpositive. Then a singular point of a differentiable vector field
for which a Lyapunov function exists is stable. Further, a differentiable function
Z is called a Chetaev function for a singular point x0 of a vector field f(x) if Z is
defined on a domain W whose boundary contains x0, the part of the boundary of
W is strictly contained in a sufficiently small ball with its center x0 removed is a
piecewise-smooth, C1 hypersurface along which f(x) points into the interior of the
domain, that is,
(4.1) Z(x)→ 0, as x→ x0, x ∈ W ; Z > 0, ∇Z · f(x) > 0 ∈ W.
A singular point of a C1 vector field for which a Chetaev function exists is unstable.
Let us first consider the invariant set
(4.2) S1 = {Σ+ = Σ− = ΩΛ = 0} .
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We will also define the function
(4.3) Z1 = Ωm,
such that within S1 we have
(4.4) Z ′1 = (−1 + Ωm) [Ωm (1 + 3w)− 9ξ0Ωam] .
This function is monotone if for example Ωm = 1, and strictly monotone decreasing
if
(4.5) Ωm < 1, w > 3ξ0 − 1
3
.
By the LaSalle invariance principle, for any orbit Γ ∈ S1, we have that
(4.6) ω(Γ) ⊆ {Ωm = 1} ,
which corresponds precisely to the FLRW equilibrium point as given in Eq. (3.7).
Therefore, the global future asymptotic state of the system corresponding to the
invariant set Eq. (4.2) is a flat FLRW universe with Ωm = 1.
Consider now the function
(4.7) Z2 = Ω
2
Λ + 1.
Let us define the neighborhood of the de Sitter equilibrium point D as the open
ball
(4.8) Dr(D) =
[
Σ2+ +Σ
2
− + Ω
2
m + (ΩΛ − 1)2
]1/2
< r,
where r > 0 is the radius of this ball in R4. That this is an open neighborhood
of D is proven in Section 2.2 in [39]. Clearly the function Z2 is defined on Dr(D).
One can also show that the point ΩΛ = 1 is a local minimum of Z2 in Dr(D).
Furthermore, from computing
(4.9) Z ′2 = −4Ω2Λ (−1 + ΩΛ) ,
one can see that on Dr(D), Z ′2 ≤ 0 as long as ΩΛ ≤ 1. Therefore, Z2 is a Lyapunov
function corresponding to D, and as a result, D is stable.
Consider now the invariant set
(4.10) S2 = {Σ+ = 0, Σ− = 0 0 < Ωm < 1, 0 < ΩΛ < 1} .
We now define the function
(4.11)
Z3 = −9
[
1
3
(1 + w)2Ω3Λ −
1
2
(1 + w)2Ω4Λ +
1
5
(1 + w)2Ω5Λ
+
6(1 + w)ξ0(1− ΩΛ)2+a
(
2 + 2(2 + a)ΩΛ +
(
6 + 5a+ a2
)
Ω2Λ
)
(2 + a)(3 + a)(4 + a)
− 9ξ
2
0(1 − ΩΛ)1+2a
(
1 + ΩΛ + 2aΩΛ +
(
1 + 3a+ 2a2
)
Ω2Λ
)
(1 + a)(1 + 2a)(3 + 2a)
]
.
Noting that
(4.12)
dZ3
dτ
=
dZ3
dΩΛ
dΩΛ
dτ
,
we have that within the invariant set S2,
(4.13) Z ′3 = 18(−1 + ΩΛ)Ω3Λ [−1 + 3ξ0(1− ΩΛ)a + w(−1 + ΩΛ) + ΩΛ]2 ,
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which is strictly monotone decreasing along orbits in S2, specifically, for 0 < ΩΛ < 1.
Note that based on Eq. (4.11), we must have that a 6= −2,−3,−4,−1,−1/2,−3/2.
Also, in deriving Eq. (4.13), we used Eq. (2.17) to write Ωm = 1− ΩΛ. The point
F2 as given in Eq. (3.9) is contained in the set S2. Furthermore, we have that
(4.14) Z ′3(F2) = 0, F2 ∈ S2, a > 1 ∈ Z.
Therefore, by the LaSalle invariance principle, we must have that for all orbits
Γ ∈ S2,
(4.15) ω(Γ) ⊆ {0 < ΩΛ < 1} ,
which is another possible future asymptotic state of the dynamical state and cor-
responds to the equilibrium point F2.
Let us now consider the domain
(4.16) W =
{
Σ2+ +Σ
2
− < 1, 0 < Ωm < 1, 0 < ΩΛ < 1
}
.
The boundary of this domain is given by
(4.17) W¯\W = {Σ2+ +Σ2− = 1}∪ {Ωm = 0}∪ {ΩΛ = 0}∪ {Ωm = 1}∪ {ΩΛ = 1} .
Clearly, the Kasner circle equilibrium point K is contained in W¯\W . Let us now
define a function on W ,
(4.18) Z4(x) =
Ωm
1− ΩΛ .
We note some important properties of this function. First,
(4.19) lim
x→K
Z4(x) = 0, x ∈W.
Further, we have that
(4.20) Z4(x) > 0, x ∈ W.
Using Eqs. (2.12)-(2.15) and computing Z ′4(x), we obtain
(4.21) Z ′4(x) =
Ωm
[−1 + 4Σ2− + 4Σ2+ +ΩΛ +Ωm + 3w (−1 + ΩΛ +Ωm)]
(ΩΛ − 1)2
.
Considering the special case of w = −1/3, this equation takes the form
(4.22) Z ′4(x) =
4Ωm
(
Σ2+ +Σ
2
−
)
(ΩΛ − 1)2
,
which is strictly positive everywhere in W . Therefore, we have just proven that for
the special case w = −1/3, Z4 is a Chetaev function and corresponds to K. This
implies that the Kasner equilibrium point corresponding to w = −1/3 is unstable.
We were only able to prove instability for this case. However, we conjecture based
on extensive numerical experiments (see Fig. 6) that K is unstable for all values
−1 ≤ w ≤ 1 and ξ0 = 0.
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5. Bifurcations and Orbits
With the stability analysis completed in the previous section, we now will de-
scribe bifurcations that occur in the dynamical system. These occur by changing
values of either the bulk viscosity coefficient ξ0, the equation of state parameter w
or both. These bifurcations are displayed in Fig. 5.
There also exists a finite heteroclinic sequence (Page 104, [56]) when ξ0 = 0 and
−1 < w < −1/3, and is given by
(5.1) K → F1 → F2.
When w = −1 and ξ0 = 0, there exists a heteroclinic orbit:
(5.2) K → D.
When ξ0 = 0 and −1 < w ≤ 1, we have the following heteroclinic orbit:
(5.3) K → F2.
There are some interesting things to note about the bifurcations, heteroclinic se-
quence and orbits described in this section. The Kasner equilibrium point, K is a
state according to Eq. (3.12) that has no matter/energy or vacuum energy what-
soever, that is, Ωm = ΩΛ = 0. Yet, from this empty state, we see that in the case
of the bifurcations, an increase in the bulk viscosity causes the universe to evolve
towards a FLRW universe either with no vacuum energy or with a mix of matter
and vacuum energy, which represents our universe today. A question that may be
related to this phenomenon is what mechanism generates matter or particle cre-
ation not only in generic Bianchi type I spacetimes, but near a Kasner-type state
specifically. This problem was first studied by Zeldovich [58], where he showed
that spontaneous particle production could occur near a Kasner singularity. In
related work, Parker [42] gave conditions for particle creation near an isotropic
Friedmann-type singularity. Berger [12] studied quantum graviton creation in a
general spatially homogeneous, anisotropic three-torus solution of Einstein’s equa-
tions. Ahmed and Mondal [3] studied the Hawking radiation of Dirac particles in a
Kasner spacetime. They showed that the anisotropy gives rise to particle creation.
Further, Harko and Mak [31] also investigated in some detail the effects of matter
creation on the evolution and dynamics of a Bianchi type I model. Related to this,
Barrow [7] studied the entropy production associated with anisotropy damping in
the era of grand unification in the early universe. The general consensus in all
of these investigations is that particle creation leads to the isotropization of an
anisotropic spacetime.
Further, according to the bifurcation sequences and finite heteroclinic sequences
given in Eqs. (5.1) and (5.3), we see that it is completely possible to go from
an empty state to an FLRW state bypassing the de Sitter state altogether, which
can have some interesting implications with regards to cosmic inflation. These
results show that it is a valid to ask the question whether the universe can go
from an initial empty state to the universe we have today without undergoing
the standard inflationary epoch. That is, it may be that what we consider to be
inflation with respect to an inflaton field may actually be an expansionary epoch
driven by bulk viscosity. Barrow [9] investigated this matter in quite some detail.
He found that when the bulk viscous exponent is larger than 1/2 it is no longer
guaranteed that an asymptotic de Sitter state will occur. In addition, when the
exponent is greater than or equal to 1, the asymptotic de Sitter state is replaced
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with a Weyl curvature singularity. Belinskii and Khalatnikov [11] also concluded in
their study of the Bianchi type I universe with viscosity, that viscous effects alone
showed an “essential isotropizing action”. The relationship between the presence
of bulk viscosity and the existence of an asymptotically stable de Sitter universe
was also investigated in [15], [60], [59], and [8].
6. Connections with Observations
The Planck team [2] recently calculated based on observations that
(6.1) ΩΛ = 0.6825, Ωm = 0.3175.
This configuration is precisely modelled by our F2 equilibrium point given in Eq.
(3.9), which we found to be a local sink:
Σ+ = 0, Σ− = 0, Ωm =
(
1 + w
3ξ0
) 1
a−1
, ΩΛ = 1− Ωm.
Given these facts and the fact that it is conjectured that the very early universe
consisted of incoherent radiation with matter equation of state w = 1/3, or stiff
matter with equation of state w = 1 (Page 99, [24]), we can ask the question what
values of ξ0 in the early universe could have led to the state described by Eqs. (6.1)
and (3.9) today. To answer this question, we follow [11] and note that for the early
universe, a ≤ 1/2. The interesting thing is that F2 is a future asymptotic state
of the dynamical system as the eigenvalue computations show in Eqs. (3.20) and
(3.23). Therefore, choices of w and ξ0 in the early universe within the acceptable
range of values as described in Eq. (3.21) would yield a future state that is similar
to what we observe today.
As a consequence of the aforementioned arguments, we now present some solu-
tions of the system of equations(
1 + w
3ξ0
) 1
a−1
= 0.3175, 1−
(
1 + w
3ξ0
) 1
a−1
= 0.6825,(6.2)
where −1 < w ≤ 1, 0 < ξ0 ≤ (1 + w)/3 as in Eq. (3.10).
For a = 0, we obtain the parametrized solution
(6.3) 0 < ξ0 ≤ 127
600
, w =
1
127
(−127 + 1200ξ0) .
It is important to recall that in our two-fluid model, the equation of state parameter
w describes the non-vacuum energy. It is conjectured that the majority of the non-
vacuum energy/matter in the early universe consisted of radiation with equation of
state parameter w = 1/3 (Page 98, [24]). Solving for ξ0 in Eq. (6.3) with w = 1/3,
yields
(6.4) ξ0 =
127
900
≈ 0.1411, w = 1/3, a = 0.
Solving for ξ0 in Eq. (6.3) with w = 1 yields
(6.5) ξ0 =
127
600
≈ 0.2117, w = 1, a = 0.
In this case where a = 1/2, we obtain the parameterized solution
(6.6) 0 < ξ0 ≤
√
127
30
, w = −1 + 60ξ0√
127
.
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Solving for ξ0 in Eq. (6.6) with w = 1/3, yields
(6.7) ξ0 =
√
127
45
≈ 0.2504, w = 1/3, a = 1
2
.
Solving for ξ0 in Eq. (6.6) with w = 1 yields
(6.8) ξ0 =
√
127
30
≈ 0.3756, w = 1, a = 1
2
.
Therefore, our model shows that an early-universe configuration with bulk viscosity
values as computed in Eqs. (6.4), (6.5), (6.7), (6.8) could lead to the mixture of
vacuum and non-vacuum energy that we observe today. Further, our calculation
of the F2 equilibrium point further shows that it is quite possible that the vacuum
energy that exists in our universe today could be the result of some bulk viscous
effect of the ordinary matter in the early universe or at the present time. The
connections between bulk viscosity and vacuum energy have been explored in [27],
[53], [5] [13] [48], [26], [20], [36], [22], [57],[28], [55], [21], and [40], though the
calculations presented above to the best of the authors’ knowledge are new and
have not been reported before in the literature.
7. Numerical Solutions
To complement both the fixed-point and abstract topological analysis in the pre-
vious section, we now present some numerical solutions to the dynamical system
Eqs. (2.12)-(2.15). Initial conditions were chosen to satisfy the constraint equa-
tions (2.17), (3.4), and(3.5), and are represented in the numerical experiments by
asterisks. Furthermore, we note that the numerical solutions were completed over
sufficiently long time intervals (0 ≤ τ ≤ 1000), but in some cases we present the
solutions over shorter time intervals for clarity.
We display in Figs. 2 and 3 the results of numerical experiments that show that
F3 is indeed a local sink of the system.
We display in Figs. 4 and 5 the results of numerical experiments that show that
F4 is indeed a local sink of the system.
We display in Fig. 6 the results of several numerical experiments that show K
as a source of the dynamical system.
We display in Figs. 7, 8, 9 the results of several numerical experiments that
show F1 as a local sink of the dynamical system.
8. Conclusions
We have presented in this paper a comprehensive analysis of the dynamical be-
havior of a Bianchi Type I two-fluid model with bulk viscosity and a cosmological
constant. We began by completing a detailed fixed-point analysis of the system
which gave information about the local sinks, sources and saddles. We then pro-
ceeded to analyze the global features of the dynamical system by using topological
methods such as finding Lyapunov and Chetaev functions, and finding the α- and
ω-limit sets using the LaSalle invariance principle.
The fixed points found were a flat FLRW universe with no vacuum energy and
only energy due to ordinary matter, a de Sitter universe, a mixed FLRW universe
with both vacuum and non-vacuum energy, and a Kasner quarter-circle universe.
We found conditions for which the former three were local sinks of the system, that
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is, future asymptotic states, and where the latter was a source of the system, that
is, a past asymptotic state.
The flat FLRW universe solution we found with both vacuum and non-vacuum
energy is clearly of primary importance with respect to modelling the present-day
universe, especially in light of the recently-released Planck data. In fact, using this
Planck data we gave possible conditions for which a non-zero bulk viscosity in the
early universe could have lead to some of the conditions described in the Planck
data in the present epoch. In particular, since we found that this equilibrium point
is a local sink of the dynamical system, all orbits approach this equilibrium point in
the future. Therefore, there exists a time period for which our cosmological model
will isotropize and be compatible with present-day observations of a high degree of
isotropy of the cosmic microwave background in addition to the existence of both
vacuum and non-vacuum energy.
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Figure 1. The possible bifurcations that occur in the dynamical
system as a result of changing the bulk viscosity coefficient ξ0, the
equation of state parameter w or both.
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Figure 2. This figure shows the dynamical system behavior for
ξ0 = 127/900, w = 1/3, and a = 0. The circle denotes the equilib-
rium point F3. This precise case corresponds to Eq. (6.4).
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Figure 3. This figure shows the dynamical system behavior for
ξ0 = 127/600,w = 1, and a = 0. The circle denotes the equilibrium
point F3. This precise case corresponds to Eq. (6.5).
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Figure 4. This figure shows the dynamical system behavior for
ξ0 =
√
127/45, w = 1/3, and a = 1/2. The circle denotes the
equilibrium point F4. This precise case corresponds to Eq. (6.7).
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Figure 5. This figure shows the dynamical system behavior for
ξ0 =
√
127/30, w = 1, and a = 1/2. The circle denotes the
equilibrium point F4. This precise case corresponds to Eq. (6.8).
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Figure 6. This figure shows the dynamical system behavior for
ξ0 = 0, and w = −1,−1/3, 0, 1/3, 1. One can see that in each case,
K is a source of the dynamical system. The case w = −1/3 clearly
corresponds to our analysis at the end of Section IV. Note that the
boundary of circles corresponds to the Kasner quarter-circle.
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Figure 7. This figure shows the dynamical system behavior for
ξ0 = 1/2 and w = 1/3, which denotes radiation. The circle denotes
the equilibrium point F1. Clearly this point is a local sink of the
dynamical system.
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Figure 8. This figure shows the dynamical system behavior for
ξ0 = 0.34 and w = 0, which denotes dust. The circle denotes
the equilibrium point F1. Clearly this point is a local sink of the
dynamical system.
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Figure 9. This figure shows the dynamical system behavior for
ξ0 = 0.45 and w = 0.325, which denotes a dust-radiation mixture.
The circle denotes the equilibrium point F1. Clearly this point is
a local sink of the dynamical system.
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